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Abstract-The direct tension test on concrete specimens is analysed using finite elements. The
analysis shows that the behaviour after peak load is strongly non-homogeneous and involves
asymmetric crack propagation. These observations. which are supported by experimental evidence.
have consequences for deriving "stress-strain" relations from direct tension tests, since they dem­
onstrate that the observed softening behaviour is partially a structural effect. Attention is fur­
thermore drawn to the possibility of snap-back behaviour in strain-softening concrete and to
consequences thereof for numerical and experimental investigations.

I. INTRODUCTION

One of the most interesting phenomena in concrete and rock-like materials in tension is the
fact th.tt the load-<lisplacement curve displays a gradual descending branch after attaining
the peak load. Upon translation of such a load-displacement curve into a stress-strain
curve. two problems arise. First. the stress-strain curve. which is usually obtained by
dividing the load by the original load currying cross-section and the displ.tcement by the
original length, can neither be chtssilied as clastic-perfectly brittle. nor us c1astic-perf~'Ctly

plastic. (nsteud. we must utilize an clastic-softening formulation. which has first been
recognized by Hillerborg el ul. (1976) and Bazant and Oh (19IB).

The other problem is that strain-softening is nearly always accompanied by non­
homogeneous and highly localized deformations of the specimen (Cornelissen el al., 1986;
Hordijk el ul.• 1987; Labul el ul.. 1985; van Mier, 1986; Read and Hegemier, 1984). The
issue is whether the observed drop in the load-displacement curve is really a material
property or whether it is a structurul elfect that is purely a consequence of the experimentally
observed non-homogeneous deformations. In the past. several contributions in the literature
have been devoted to this debate, but many discussions pertain to compressive loadings
(van Mier. 1986; Read and Hegemier, 1984). In this paper we will concentrate on tensile
loading.

We will show that non-homogeneous deformations in the post-failure regime may
strongly affect the resulting load-displacement curve. for the same set of material parameters
may result in a completely different load-displacement curve, depending on the failure
mechanism that is triggered. Yet. this observation should not tempt one to conclude that
softening type constitutive formulations must be abandoned. Instead, such analyses may
assist in developing stress-strain relations at a local level which can reproduce the observed
phenomena at a structural level.

Another issue to which attention will be drawn is snap-back behaviour which may
occur in strain softening materiuls under quasi-static loading conditions (de Borst, 1986;
Carpinteri el al.• 1986; Crisfield. 1986). In the present paper we will show that this
phenomenon also dominates the response ofconcrete in a direct tensile test. This observation
imposes severe demands on testing procedures as well as on computational strategies.

After reviewing the experimental progress in uniaxial testing of plain concrete and rock
and discussing the relevant numerical techniques, we will analyse the direct tensile test on
concrete with the aid of finite elements. Here. the problem is posed in two different ways.
On one hand. an analysis has been carried out for a specimen that does not contain
imperfections, so that we have a bifurcation problem, while in the other analyses an
imperfection has been inserted in the finite element model. Furthermore. the role of the
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boundary conditions In triggering localizution and non-homogeneous deformations is
unalysed.

2. EXPERIMENTAL ASPECTS

Direct tensile tests have been carried out at the Stevin Laboratory of Delft University
of Technology by Cornelissen et al. (1986) and Hordijk et al. (1987). The specimens were
double-notched prisms 250 mm long. 60 mm wide and 50 mm thick (Fig. lu) and were
tested in a closed loop electro-hydraulic testing machine. The maximum size of the light­
weight aggregate was 8 mm.

A typical result is shown in Fig. Ib. which gives an avemge stress-delormation curve.
Here. the average stress is defined as the load divided by the original net cross-sectional
area (50 x 50 mm 2

). while the deformution is the averaged result of ten extenso-meters.
five at the front and five at the back of the specimen. as indicated by A to E in Fig. Ia. The
gauge length of the extenso-meters was 35 mm. which will serve as a reference length
throughout this paper unless specified otherwise. The diagram of Fig. Ib shows thut the
stress increases almost linearly up to the peak stress. whereafter a steep drop occurs which
gradually evolves into a long tuil. Although the load and the displacements in the softening
part of the load-displacement curve could be controlled completely and could be registered
properly. there remains the curious observation of u pronounced "bump" half-way down
the softening branch. Similar "bumps" in softening curves from direct tensile tests have
been reported amongst others by Willam et al. (1986) and Budnik (1985).

Another view of the experimental results is presented in Fig. Ie, where the separate
readings ofthe extenso-meters A to E have been plotted for various stages of the deformation
process. Prior to the peak stress the deformation distribution over the centre section appears
to be symmetric, but immediately after passing the peak stress we observe non-symmetric
deformations which reveal that the fracture tends to propagate from one side ofthe specimen
to the other rather than propagating symmetrically. Non-symmetric tensile fracture modes
have also been reported by Labuz et al. (1985). although others claim to have observed
symmetric modes. e.g. Gopalaratnam and Shah (1985).

The observation of a non-symmetric fracture mode is of utmost importance as it in
fact suggests that the "direct" tensile test is not as direct as has been assumed so far. Indeed.
the issue has also been recognized by Hordijk et al. (1987). who advocated the idea
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that there might be an interrelation between the "bUMp" and the non-homogeneous
deformations. A sound explanation of these phenomena can be provided with aid of
numerical simulations.

3. CONSTITUTIVE ASPECTS

The constitutive model that has been employed in the analyses is formulated within
the smeared crack concept and has been developed by de Borst and Nauta (1985) and Rots
et al. (1985). The model is based upon a decomposition of the total strain rate into a
concrete strain rate s"O and a crack strain rate sC' :

(I)

This decomposition allows for separate formulations of the stress-strain law for the crack
and the constitutive model for the intact concrete between the cracks. In the present paper
we will confine ourselves to linear-elastic behaviour of the concrete and to a softening model
for the cracks. so that we arrive at an elastic-softening model for the cracked concrete.

The relation between the crack strain rate of a particular crack and the stress rate is
conveniently defined in the coordinute system which is aligned with the crack. This necessi­
tutes a transformation between the cruck strain rute sCt in the global x,y. : coordinates and
a crack strain rule cO< which is expressed in local coordinules. For a two-dimensional
conllgur.ttion. we observe that u crack only hilS u norm'll strain rate e~~ (mode-l. cruck
opening) and a shear struin rate (;~~ (mode-II, cruck sliding). so thut eL'f = (e~e:;~)T where
the superscript T denotes a tntnspose. The relation between sct and eC

' reuds

(2)

with N u 3.2 trunsformation mutrix (de Borst and Nauta, 1985; Rots c:t al., 1985). We
can furthermore define a vector s = (.vn..sn/)T with snn the normal and S..I the shear stress rate
in the crack. The relation betwc.:en the stress rate in the global coordinate system is and the
stress vector s reads in a similar l~lshion

(3)

To complete the system of equations. we need a constitutive model for the intact
concrete and a stress-stnain relation for the smeared cracks. When DC denotes the elasticity
matrix, we have for the present case of linear-elastic behaviour of the concrete between the
cracks

(4)

In a similar lashion, we can postulate a relation between the crack strain rate eC
' and the

stress rate sin the crack. In this paper a relation has been assumed which formally reads:

s = DC'eC
' (5)

with DC' a 2 .2 matrix that incorporates the constitutive properties of the (smeared-out)
cracks. Combination ofeqns (I )-(5) then results in the stress-strain relation for the cracked
concrete:

(6)

In the present study coupling terms, which for instance occur in crack-dilatancy theories,
e.g. Walraven and Reinhardt (1981), between the shear stress rate S,ft and the normal crack
strain rate e~~. or between the normal stress rate s.... and the shear crack strain rate e~~ are
not relevant. Consequently, these terms have been set equal to zero in DC'. Furthermore,
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Fig. 2. Bilinear idealization of the normal stress in a crack as a function of the normal crack strain.

the shear stress carrying capacity of the crack faces due to aggregate interlock is not
important in a direct tensile test where we primarily expect normal crack strains. To avoid
possible energy consumption in spurious crack shear displacements (Rots et al., 1985) the
term D'tz has therefore also been set equal to zero. Hence, Dcr reduces to

D,;r = [D l OJ
o O' (7)

The tensile-softening modulus D' sets the rekttion between the normal stress rute in the
crack and the normal crack stmin rate. It can be related to three basic tensile-softening
parameters. namely the uniaxial tensile strength /~I' the mode-I frm:ture energy Gr (dclined
as the amount of energy required to cre.tte one unit of area of a pure mode-I crack) and
the shape of the tensile-softening diagram. Especially the sh.tpe of the softening diagram is
important (II illerborg I!t al.. 1916; Rots. 1l)~6) and according to various experiments
(Cornelissen et al.. 19H6; Gopalaratnam and Shah, 19~5; I-Iordijk et al., 1981; Labuz et
al., 1985) it seems reasonable to assume a tensile-softening function with a steep drop after
the peak stress followed by a long tail. ThreeditTerent softening curves. namely a linear. a
bilinear and a nonlinear diagrum have been adopted in this paper to study the etT\..'Ct of the
shape of the diagram. If no further information is given, it is implied that the bilinear
diagram of Fig. 2 is used. It is further noted that unloading and reloading have been
modelled using a secant approach. as also indicated in Fig. 2.

The fracture energy Gr is assumed to be a fixed material constant. which seems to be
justified because the energy required to fracture mode-I specimens is fairly proportional to
the surface area generated. In a smeared crack approach. fracture is spread over a crack
band width h. which is related to the particular finite element configuration. In the case of
four-noded elements with a single integration point. as has been used in the elements
through which the crack prop'lgated. the element width must be inserted for the crack band
width h.

4. COMPUTATIONAL PROCEDURES

In the experiment the load was applied at point G und was servo-controlled by a
feedback signal from two LVDTs mounted at the sides of the specimen (Fig. la). In the
numerical simulation. the analysis has been carried out using "indirect displacement
control". This procedure (de Borst. 1987) is a modification of the arc length method
proposed by Riks (1979). It considers thc load increment as a variable rather than as a
fixed quantity and the vulue of the load increment is dctermined by constraining some
dominant displacement increment. In the present study. the crack opening displacement
increment of the active notch served as the control parameter. As we will notice in the next
section. crack propagation in direct tension tests usually proceeds from one notch to the
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opposite notch, whereby only one notch is active at a time. For most of the analyses
reported in this paper it appeared to be absolutely necessary to apply the constraint equation
ullly to the active notch in order to properly overcome the limit point. In the vicinity of the
limit point it furthermore appeared necessary to use a full Newton-Raphson iterative
procedure with the tangent stiffness matrix being updated at the beginning ofeach iteration.

5. COMPUTATIONAL RESULTS

In this section the double-notched tensile specimen of Fig. la is analysed using the
crack model previously described. Figure 3 shows the finite clement ide~t1ization, which
consists of four-noded bilinear clements with four-point Gauss quadrature. An exception
was made for the centre row of clements between the notches, which were integrated using
a reduced 2. I point integmtion scheme, see also Rots (1986).

The lower boundary of the specimen was assumed to be fixed, while in the reference
calculation a translational spring and a rotational spring have been added at the upper
boundary in order to simulate the efTect of the testing machine. The spring stifTnesses were
specified as k l = 148,000 N/mm and k r = IO~ Nmm/rad. Constraint equations were added
to the global system of equations so as to ensure that the top of the specimen be kept
straight. [n this manner, the upper boundary could undergo a translation and a rotation
but no distortion.

The elastic concrete properties have been assumed to be: Young's modulus E = 18,000
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N/mm= and Poisson's ratiov =0.2. which corresponds to a lightweight concrete specimen.
The softening parameters have been taken as: tensile strength fcl = 3.4 N/mm= and fracture
energy Gr = 59.3 J/m=. The fracture has been assumed to localize within the centre row of
elements so that the crack band width was set equal to h = 2.5 mm. In some of the
calculations one element in front of the right-hand notch of Fig. 3 was given a small material
imperfection in the sense that the fracture energy Gr was reduced by I per cent. The
importance of this imperfection will appear in the sequel to this paper.

We will first describe the analysis which will serve as a reference calculation. In this
analysis the springs as specified above were included in the finite element model. the bilinear
softening curve for the smeared-out cracks was used (Fig. 2) and an imperfection was
inserted in front of the right-hand notch. The analysis progressed as shown in Figs 4a-4e.
which represent key events in the fracture localization process. Upon incrementing the load
the analysis started to predict symmetric deformations within the specimen. as shown in
Fig. 4a which gives the incremental deformations at an average stress u = 2.837 N/mm=
(average stress and displacement as defined in Section 2). During the entire pre-peak regime
of the load-displacement response the specimen appeared to be strained symmetrically.
with both notches being active. A limit point was encountered at u = 2.856 Nimm Z and the
tangent stiffness matrix ceased to be positive definite. Indeed. a negative eigenvalue was
calculated for the tangent stiffness matrix. The incremental displacement field at peak load
which has been plotted in Fig 4b shows a strongly non-homogeneous and non-symmetric
deformation of the specimen. Obviously the right-hand notch with the small material
imperfection suddenly becomes very active while the opposite side of the specimen unloads.

After locating the limit point. the load was decremented and a genuine equilibrium
path could be obtained. Fracture localization prop\lg,ltcs tow\lrds the opposite notch. as is
shown in Fig. 4c which givcs thc incrcmental deformations \It a residual aver\lge stress level
u = 1.865 N/mm=. Upon a further decrease of the load. the left-hand notch bec,lme ,Ictive
again. while the right-hand notch tended to unload temporarily (Fig. 4d). Subsequently.
the load had to be incremented again slightly to re-Io.td the right-h'lfid notch and to "stretch
the specimen uniformly". After this oper\ltion all clements between the notches showed
softening and the 10\ld could come down to zero under subsequent symmetric deform\ltions
(Fig.4e).

The subsequent stages of increment\ltion and decrement'ltion of the load can be
recognized from Fig. 5, which gives the averaged stress-deform.ttion curve (over the 35
mm gauge length). In Fig. 5 (and also in Fig. 6 which shows a close-up of Fig. 5 ne\lr the
limit point) the non-symmetric solution is compared with the solution which was obt\lint:d
by considering only a symmetric half of the specimen. thereby enforcing symmetric crack
propagation. It appe'lrs that non-symmetric deformations reduce the limit load and, even
more interestingly. have a significant impact on the post-pcuk part of the curve. While the
symmetric solution describes a descending branch which reasonably resembles the bilinear
input diagram (Fig. 2). the non-symmetric solution results in a steeper drop after the pt:ak
stress and in a significant "bump". The agreement with the experimental measurement of
Fig. Ib is evident und proves that the "bump" is a direct consequence of the non-symmetric
fmcture mode which occurs in a strain-softening tensile test.

6. TIlE DIRECT TENSION TEST AS A BIFURCATION PHENOMENON

The material imperfection has been applied in the previous analysis to trigger non­
symmetric crack propugation. Effectively, inserting a weak spot as has been done here
transfers a bifurcation problem into a limit problem. Without the imperfection. the tension
specimen will continue to deform symmetrically also in the softening regime of the load­
displacement curve. Such an analysis has been carried out and resulted in the curve which
is labelled as "symmetric" in Figs 5 and 6. Of course. this curve is identical to the curve
that is obtained when only a symmetric halfofthe specimen is analysed. Yet. when analysing
the full specimen. uniqueness of solution is lost before the peak stress is attained. For
u = 2.866 N/mm z a negative eigenvalue is extmcted for the tangent stiffness matrix. The
corresponding eigenmode is shown in Fig. 7a and clearly involves non-symmetric defor-
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mations. This so-called bifurcation point marks the beginning of an alternative equilibrium
path that involves non-symmetric deformations. Continuation on this path can be enforced
by adding a part of thc eigenvector to the incremental displacement vector (de Borst. 1987).
In the present calculation this possibility has not been pursued. and further incrementation
of the load resulted in continued symmetric deformations. A second negative eigenvalue of
the tangent stiffness matrix is encountered at (1 = 2.887 N/mm 2• The second eigcnmode is
plotted in Fig. 7b. After the cmergence of the second negative eigenvalue. further inerc­
mentation of the load appeared to be not possible. and an equilibrium path could only be



Non· symml!tric dl!formations

Symml!tric dl!formatlons

J. G. ROTS and R. DE BoRST

0.5

......
"'e 30
e....z

..... 25
III
III.....
~ 20
II
Cl'
III..
~ 1.5
«

I1.0

O.O~-_--....-__--....._----._---. ~

0000 0.005 0.010 0.015 0.020
--- Avtrage displacl!ml!nt [mm]

Fig. 5. Average stress as a function of the average deformations over a gauge length of 35 mm.

1388

:::-'
E 29e....z

'-'

'"'"; 2.8

'"..
Cl'
III....
~ 2.7

I 26

Bifurcation point _ limit point

Limit point

Symml!tric localization

0.0050

Non-symml!tric localization

0.0055 00060 00065 0.0070
---1,,_ AVl!ragl! displacl!ml!nt (mm]

Fig. 6. Enl:lrgcd gmph of the awmge strcss as a function of the avcrage deformations over a gauge
length of 35 mill

obtained by decrementing the load. Consequently, the second negative eigenvalue is related
to a limit point.

In the real world. imperfections always exist and it is unimaginable that crack propa­
gation will ever be symmetric in the direct tension test. An exception are perhaps very short
specimens. where the role of the boundary conditions is so dominant that they prevent
asymmetric crack propagation.

The observation thut the asymmetric failure mode results in the steepest post-peak
load-deformation path not only pertains to crack propagation in concrete or rock, neither
is it exclusive to this type of test. It is valid whenever a material model in which ellipticity
is lost at a generic stage in the loading process is used in a calculation of a structure in
which somc kind of symmetry. antisymmetry or axisymmetry occurs. Examples involving
soil plasticity have been published by de Borst (1989).

7. THE EFFECT OF THE SOFTENING CURVE

In the past few years there has been much debate on the validity of the applicability
of Gr concepts to fracture of concrete and rock. e.g. van Mier (1986). With regard to this
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issue, we first want to express our opinion that continuum descriptions can be used to
simulate failure processes in solids that show a deterioration of the load-carrying capacity
with increasing deformation. Upon transformation of the load-displacement curve into a
local stress-strain diagram at integration pointlevcl such a deterioration manifests itself as
a descending branch and is usually named J/mi" softening. Although we have the opinion
that continuum descriptions are still applicable to such solids, we support the widespread
view thut f/()f/-Ioc:al. e.g. Buzant (1986). Pijaudier-Cabot and Bazant (1987). Schreyer and
Chen (1986). or pola" e.g. Miihlhaus and Vardoulakis (1987). models must be used so as
to regularize the governing continuum equutions. Nevertheless. such an approach may well
call for an extremely fine element division. since the element width must be smaller than
the characteristic length in order to properly capture the localization process. For simulation
ofexperiments on small specimens such an approuch is probably feasible with the computers
that are currently available. Use of such a model clearly becomes unwieldy for large-scale
engineering applications such as storage vessels or dams. Indeed. for very large concrete
structures or rock masses a linear-elastic fracture mechanics approach is often used suc­
cessfully. e.g. Bazant (1986), Saouma el al. (1982). The used local softening model with a
Gr concept has merit for analysing structures of an intermediate size. which are too small
for application of linear-elastic fracture mechanics. but too big for a delicate analysis using
non-local or polar continua. rt is thus believed that even with the advent of such improved,
non-classical continuum descriptions. local softening models will remain useful.

However. if we want the Gr concept to be successful we must pay proper attention to
the determination of its parameters. Especially the shape of the softening diagram is
important as has been emphasized before by Rots (1986) for problems involving indirect
tension. Here. we will show that a proper shape of the softening diagram is crucial for a
successful simulation of the fracture process in direct tension.

It has been mentioned in the preceding discussion that three different shapes of the
softening diagram have been used in this study. namely a linear diagram, a bilinear diagram
(Fig. 2) and the nonlinear diagram proposed by Cornelissen el al. (1986) and Hordijk et

al. (1987). The parameters of the bilinear diagram have been selected such that this diagram
has the steepest slope for small crack strains. The same values for the tensile strength Ie,
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and for the fracture energy Gr were adopted in the three analyses (respectively 3.4 N/mm 2

and 59.3 J/m 2
). The boundary conditions were also taken equal in ull the analyses (with a

translationulund a rotutional spring at the upper boundary) and a weuk element was pluced
in front of the right-hand notch.

The results are represented in Fig. 8. A first observution. also mude by Rots (1986) for
indirect tension. is that the peak load is influenced. For the samehl and Gr a higher load­
carrying capacity is found for the linear softening curve than for the nonlinear and the
bilinear curves. The bilinear curve. with the steepest slope immediately after cracking.
produces the lowest limit load. More interesting. though. is the structural post-peak behav­
iour. Then. the nonlinear and the bilinear curves result in asymmetric crack propagation
and an accompanying "bump" in the load-displacement curve. the "bump" again being
more pronounced for the bilinear diagram. When a linear softening diagram is used.
however. the specimen continues to deform symmetriculty in the softening regime. A
"bump" in the load-displacement curve is not found and the calculated load·-displacement
curve is ulmost identical to the stress-strain diugram that served as input for the analysis.
This result is in e1ear contradiction with the experimental data by Cornelissen el al. (I 9M6)
and Hordijk el al. (1987). Evidently. usc of a linear softening diagram yields incorrect
results. On the other hund. the bilinear diagram probably exaggerates the phenomenon.
The nonlinear curve proposed by Cornelissen el al. (1986) and Hordijk el al. (1987) seems
to produce the results that most closely match experimental data. Yet. some caution must
be exercised in drawing quantitative conclusions. since the analyses have been carried out
under the assumption of plane stress. while three-dimensional effects definitely playa role
in this experiment with the crack front not only propagating from right to left. but also
from the front to the back of the specimen (or vice versa). 8usicalty. crack propagation
from the front to the buck of the specimen introduces a further source of structural
behaviour in the softening curve for plane-stress analysis.

8. TilE EFFECT OF TilE BOUNDARY CONDITIONS

Apart from subtleties in the adopted constitutive model the response of a structure
composed of strain-softening material may heavily depend on the boundary conditions.
For example. tilting of the end platens may drastically affect the outcome of the experiment.
We will show that the effect of the boundary conditions in this experiment is negligible.

To this end. the analyses with the bilinear and with the linear softening curve have been
carried out also for the case that the upper platen is free to rotate and for the case that the
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rotation of the upper platen is completely prohibited. Distortion of the upper boundary
was not allowed in either of both cases. The results are shown in Fig. 9. It appc41rs that the
houndary conditions hardly have any impact on the load-displacement curve and on the
fracture process. For the bilinear softening curve the free rotating end platen merely yields
a slightly more pronounced snap-back behaviour compared to the fixed upper platen, but
the characteristics of the failure process. namely the typical "bump" and the fact that both
notches bl.'Come active one after the other, arc present in both analyses. These findings
contrudict conclusions reached by van Mier (1986), who argued that for a free rotating end
platen the "bump" cannot occur.

For the linear softening curve we observe that the free boundary allows asymmetric
crack propagation during a small part of the deformation process. This temporary asym­
metry is accompanied by a minor deviation from linearity in the load-displacement curve.
The fixed boundary completely suppresses any asymmetry in crack propagation and the
resulting load-displacement curve is linear.

In conclusion there is some inl1uence of the boundary conditions, but the effect is of
minor importance in direct tensile tests on specimens of this length. When considering
shorter specimens, or compression tests as for instance have been carried out by van Mier
(19H6), Ihe inl1uence of the boundary conditions is more significant. In this respect, it is
worth mentioning that a calculation on a specimen with a length of 125 mm yielded
symmetric crack propagation also for the nonlinear softening curve. This calculation sup­
ports experimental observations by Hordijk el al. (1987) who concluded that asymmetric
crack propagation and a "bump" arc not observed for very short specimens.

9. SNAP·BACK BEHAVIOUR

Considering the load-displacement path in Fig. 5 that corresponds to the non-sym­
metric deformations. we observe that when the left-hand notch becomes active again, not
only the load but also the displacement decreases. This so-called "snap-back" behaviour
can be illustrated even better if we plot the stress-deformation over a gauge length which
is IOf/ger than 35 mm. To this end, the averaged stress has been plotted against the total
elongation of the specimen in Fig. 10, so that the reference length is now equal to 250 mm.

Figure 10 exhibits a pronounced snap-back phenomenon after peak. The importance
of this phenomenon was recognised before by e.g. de Borst (1986), Carpinteri el al. (1986)
and Crisfield (1986). and entirely explains why direct displacement control, in which the
displacements of the top of the sample are prescribed directly rather than applying the load
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directly and adjusting the load level such that the elongation over the gauge length in a
loading step is equal to a prescribed value. cannot produce a truly converged solution
beyond peak load. Similar conclusions can be reached for a number of other experiments
on plain concrete which <Ire <lvailable in the literature (de Borst. 1987; Rots and de Borst.
1987; Rots. 1988). If the present analysis had been carried out under direct displacement
control at the top of the specimen, the quasi-static solution would have had to jump from
point K to point L in Fig. 10, leaving the interesting part of the load-displacement curve
with the "bump" undetected. Clearly. indirect displacement control with a proper control
parameter is essential for .tnalysing the post-peak response (de Borst. 1987). In Section 4
it has been argued that keeping track of the active notch is sometimes the only feasible
control mechanism. This statement is supported by Fig. 5 which shows that the increment
of the average deformation over a gauge length of 35 mm becomes negative for a particular
part of the post-peak regime. Consequently. the average crack opening displacement of
both notches cannot be employed as an effective control parameter during the entire
deformation process. Neither can the crack opening displacement of any of the notches be
used during the entire deformation process. since they both become passive at a certain
stage of the deformation process and then exhibit negative increments of the notch opening
(Fig. II). Guiding the solution by controlling the crack opening of the active notch is the
only solution.

In addition, the snap-back phenomenon explains the difficulties which have been
encountered frequently in closed-loop tensile testing. The importance of a proper feedback
signal over a short guuge length which encompasses the fracture zone has been emphasized
by e.g. Gopalaratnam and Shah (1985) and Labuz et 01. (1985) and is supported by the
present numerical investigation. If this requirement is not met, an unstable response may
be generated as the signal monitors unloading outside the fracture zone rather than softening
within the fracture zone. Depending on the precise elastic-softening properties of the
material even a gauge length of 35 mm may not be small enough to circumvent snapback
phenomena.

10. CONCLUSIONS

Novel computational techniques and a continuum based elastic-softening model have
been applied to simulate the strain-softening behaviour of concrete in a direct (uniaxial)
tension test. It has been shown that the structural behaviour after the peak load involves
strongly non-symmetric deformations. which entirely parallels experimental observations
(Cornelissen et al., 1986; Hordijk et 01.• 1987; Labuz et 01.• 1985). It is therefore concluded
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that a "direct'· tensile test on a heterogeneous material is generally not as direct as the name
suggests.

A consequence of non-symmetric deformations is that the descending branch measured
in direct tensile tests cannot be considered as a pure "material" property. Instead. such a
curve is the outcome of a combination of material behaviour. described by the c1astic­
softening parameters for the equivalent. homogenized continuum. and structural behaviour
due to non-homogeneous and often strongly localized deformations for that specific struc­
ture and set of boundary conditions. The importance of structural effects has been reco­
gnized before. e.g. van Mier ( 1986). Read and Hegemier (1984). and the question has arisen
whether it makes sense to derive softening functions from such tests. In other words. may
we implement softening functions measured in a particular test in a general purpose finite
clement code and thcn use that code to predict the response of an arbitrary structure that
is composed of a strain-softening matcrial'!

The above results indicate that we may not unrestrictedly do so. since this would imply
extrapolation of "bumps". which have been shown to be merely the result of non-symmetric
deformations. and other structural effects to different circumstances. However. by properly
combining experimental results and numerical simulations it may be possible to arrive at a
set ofclastic-softening parameters which objectively triggers fracture under different bound­
ary conditions and different geometries. According to the present investigation. the intro­
duction ofa true "unnotched tensile strength" which exceeds the "notched tensile strength",
as well as the inclusion of a nonlinear softening diagram with a steep drop just after peak
stress seem essential ingredients. Further research is required in order that quantitative
conclusions be drawn on this issue.

Snap-back behaviour, which is known to be possible in strain-softening solids (de
Borst, 1986; Carpinteri et al., 1986; Crisfield, 1986), has been demonstrated to dominate
the response of concrete in a direct tensile test. This phenomenon requires proper feedback
signals, both in experiments and in computations.

,kkno...lec(q(·menu-The calculations have been carried out with the DIANA finite element code of the TNO
Institute for Building Materials and Structures. The research reported in this paper has bc.:en assisted financially
by the CUR-CommillL"C A ~6 "Concrete Mechanics", and by the Netherlands Technology Foundation (STW).
The first author's contribution was part of an STW project under supervision of Professor J. Blaauwendraad of
Delft University of Technology. The authors acknowledge the stimulating discussions with Mr D. A. Hordijk on
the e.~periments.
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